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Abstract. Log-Aesthetic (LA) curves have been implemented in a CAD/CAM system for various design feats. LA curves 
possess linear Logarithmic Curvature Graph (LCG) with gradient (shape parameter) denoted as . In 2009, a 
generalized form of LA curves called Generalized Log-Aesthetic Curves (GLAC) has been proposed which has an extra 
shape parameter as  compared to LA curves. Recently, G1 continuous GLAC algorithm has been proposed which 
utilizes the extra shape parameter using four control points. This paper discusses on the existence of inflection points in a 
GLAC segment satisfying G1 Hermite data and the effect of inflection point on convex hull property. It is found that the 
existence of inflection point can be avoided by manipulating the value of . Numerical experiments show that the 
increase of  may remove the inflection point (if any) in a GLAC segment. 
INTRODUCTION 
Miura et. al (2015) formulated a general equation for aesthetic curves called Log-Aesthetic (LA) curves that 
always have a monotonically varying curvature profile [3]. Logarithmic Curvature Graph (LCG) of LA curves is 
always linear with its gradient denoted as which is also a shape parameter for LA curves [1, 2]. Depending on the 
value of , LA curves produces variety of well-known curves such as clothoid, logarithmic spiral, circle involute 
and Nielsen’s spiral. 
Generalized Log-Aesthetic Curves (GLAC) is a huge family of aesthetic curves derived from the idea of having 
a LCG gradient in a linear form rather than constant LCG gradient [4]. GLAC is a generalized form of LA curves 
which has a wide range of aesthetic curves including Generalized Cornu Spiral (GCS). GLAC also has an extra 
shape parameter that shifts curvature along GLAC segment. In [5], Gobithaasan et. al identified the overall shape 
of GLAC and the existence of inflection. It was shown in [6] that GLAC has a wider range of solution satisfying 
given G1 Hermite data. 







dttydttxsC   (1) 
Innovation and Analytics Conference and Exhibition (IACE 2015)
AIP Conf. Proc. 1691, 020001-1–020001-7; doi: 10.1063/1.4937016
© 2015 AIP Publishing LLC 978-0-7354-1338-2/$30.00
020001-1 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:
103.5.182.30 On: Mon, 04 Jan 2016 00:20:28
 }
otherwise      1)1(
)1(
1
1 if                              ]1[1









(3)                                                                      
otherwise      1-)(1






                                                        
Eqn. (4) shows curvature radius function of GLAC. Note that extra shape parameter plays a vital role in GLAC 
by shifting curvature along GLAC segment. 
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The arc length of GLAC has an upper bound and lower bound depending on and .  For further details of 
GLAC’s bound, readers are referred to [5].    
G1 HERMITE INTERPOLATING GLAC 
Recently, Levien’s method [7] is adapted to construct G1 continuous GLAC by using bisection method and 
utilized its shape parameter to satisfy the G1 continuity [8]. A geometry setup illustrated in Fig. 1 was used to 
derive the following equations and an objective function to solve G1 Hermite interpolating GLAC. 
Let  (negative) is the chord angle with respect to x-axis. If
30 PP  , then },{},{ 3010 PP  . Otherwise, 
the angles are swapped. 0 and 1 are the endpoint angles where 10 . The arc length is fixed to ]1,1[S while






                                                            
 
(a) (b) 
FIGURE 1. The geometry setup G1 Hermite interpolating GLAC. 
 
Eqn. (5) represents : 
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then eqn. (6) and (7) can be obtained as follows: 
(6)                                                                               )1(0
  
(7)                                                                                 )1(1
  
Eqn. (8) and (9) are derived by evaluating eqn. (2) at 1S and 1S and substituting it into eqn. (6) and (7): 
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Finally,  is solved by 10 and the objective function is obtained by computing 0 .1  
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It has been shown in [8] that has bounds correspond to .  Table 1 describes the bounds for . The objective 
function is then solved using bisection method by using the bounds in Table 1. The designers are free to choose 
value while other shape parameters will be determined using bisection method. Readers are referred to [8] for 
detailed algorithm on G1 Hermite interpolating GLAC.  
TABLE 1. Bound of .  
 Lower Bound ( ) Upper Bound ( ) 
0  10101  1  
0  10101  *  
10  10101  1  
1  10101  1  
1  10101  1  
Note: Lower bound and upper bound is denoted as and respectively. * represents a large number. 
 
INFLECTION POINT IN G1 CONTINUOUS GLAC 
A curve is said to have an inflection point when the curvature at the point becomes zero. Therefore, a C-shaped 
curve segment is a segment without an inflection point within endpoints. Whereas, a S-shaped curve segment can be 
formed when an inflection point exists in-between endpoints. 
There are numerous advantages of inflection points, for example in path planning applications. A straight line 
representing a path can be connected at the location of an inflection point on the curvy path to reduce a sudden 
change of lateral acceleration [9]. The inflection occurs in GLAC when 01 [5]. According to [8], the 
possibility for an inflection to occur exists along ]1,1[S in a G1 GLAC segment. It was found that when the 
inflection occurs in G1 continuous GLAC, the convex hull property of GLAC is violated. 
Figure 2 illustrates this phenomenon. Q is the intersection of both tangent directions forming the triangle. 
Observe that the GLAC segment which satisfies the tangent continuity goes beyond the control polygon. One hardly 
can observe the violation of convex hull property if the inflection point is near to .1S  However, if the inflection 
point is around the middle of the curve segment, the violation of convex hull property is apparent. 
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FIGURE 2. (a) Inflection point causes the violation of convex hull property of G1 GLAC; (b) Curvature profile of a curve shown 
in (a). 
 
The input for Fig. 2 is 1  with control points defined as ,,{ 10 PP  }, 32 PP  ),1,1{(  ),4.1,2(  ),46.2,2.4(  )}3,3.4( . 
Meanwhile, 8428.00 and 1643.01  are calculated using the information of tangent directions ( 1P and 2P ). The 
output of other shape parameters are 9992.0  and 4964.0 . The inflection point occurs at 5039.0S  (red dot) 
and the curvature at 1S is -0.4956. Based on Table 1, the upper bound for when 1 is 1. Thus, GLAC’s bound 
1)( produces an upper bound for as 5035.0 ; which justifies the finding that a possibility for the inflection 
to occur always exists in G1 GLAC. If 10  is small, then we may deduce that the GLAC segment is approaching 
to a circle. Therefore when 10  is small,  is expected to be small.  Otherwise,  is expected to be large (nearer 
to upper bound) and may lead to inflection as well. Observe that the example in Fig. 2 yields 9992.0 which is 
near to its upper bound. 
AVOIDING AN INFLECTION POINT 
Although G1 continuous GLAC generates both C-shaped and S-shaped curve segments, yet it is not controllable 
and result may obtained as either C-shaped or S-shaped curve segment of a given input points. Perhaps at times 
designers want an inflection free G1 GLAC and it is important to study of how to avoid an inflection point if exists. 
Designer may choose to change the input points such that 10  is small to avoid an inflection point in G
1 
GLAC segment. However, it is not always preferable choice to change G1 Hermite data in order to get desired 
shape. 
Fig. 3 is obtained by performing an experimental analysis on the inflection point of a GLAC segment. Points
,,{ 10 PP  }, 32 PP  ),1,1{(  ),35.1,2(  ),2.2,15.4(  )}3,3.4( and 5.2,1,1 were used to analyze the existence of the 
inflection point. Inflection points in Fig. 3 occur at red dot. It was found that as increases, the chances of the curve 
segment having an inflection decreases. From Table 2 which depicts the input and output of Fig. 3, we may observe 
that the curvature changes sign due to the inflection point. However for Fig. 3(c), we can notice that the curvature 
does not change sign.  
Based from the experimental result, we can deduce that if a GLAC curve segment has an inflection point, then 
by increasing the value of its shape parameter , one can obtain a GLAC segment without an inflection point.  
  
020001-5 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:
103.5.182.30 On: Mon, 04 Jan 2016 00:20:28
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(a) (b) (c) 
FIGURE 4. Curvature profile of Fig. 3 (from left to right). 
 
 
TABLE 2. Input and output details of Fig. 3 (from left to right). 
 0  1    )1(S  
-1   0.9333 -0.4744 -0.4078 
1 0.8428 0.2081 0.6688 -0.6835 -0.0843 
2.5   0.3999 -0.7365 0.0213 
 
CONCLUSION AND FUTURE WORK 
A new method to construct G1 continuous GLAC with four control points was proposed in [8]. Since a GLAC 
segment can now be controlled with four control points, there are possibility of forming S-shapes having an 
inflection point in a GLAC segment when 01 . If an inflection point exists, then the GLAC segment may 
violate convex hull property. Hence, it is necessary to avoid inflection point in a GLAC segment if one were to 
concern satisfying convex hull property. An experimental result shows that by increasing values, one could avoid 
an inflection point in GLAC segment without changing the G1 data. Even so, it is still unclear of how much increase 
of is necessary to avoid an inflection point. Our next goal is to propose an algorithm to search for suitable such 
that there is no inflection point in the GLAC segment. 
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